Annals of Mathematics, 153 (2001), 329-355 



Unit L-functions and a 
conjecture of Katz 

By Matthew Emerton and Mark Kisin 

Let p be a prime number, ¥p the finite field of order p, and Zp the ring 
of p-adic integers. Suppose that X is a separated finite type Fp-scheme and 
that £ is a lisse Zp-sheaf on the etale site of X. One defines in the usual 
way an L-function L{X,C) attached to C This is a power series in a formal 
variable T, which by construction is an element of 1 + TZp[[T]]. If / : X — > 
SpecFp is the structural morphism of X then f\C is a constructible complex of 
Zp-sheaves on the etale site of Spec Fp of finite tor-dimension, and so we may 
form the L-function L{Spec¥p, f\C), which is also an element of 1 + rZp[[r]] 
(and in fact a rational function). The ratio L{X , C) / L{Spec¥p, f\C) thus lies 
in 1 + TZp[[r]], and so may be regarded as a nowhere- zero analytic function 
on the p-adic open unit disk \T\ < 1. If C were a lisse Z; sheaf with / 7^ p 
then in fact this ratio would be identically 1 (this is Grothendieck's approach 
to the rationality of the zeta function). One does not have this in the setting 
of Zp-sheaves. However, in this paper we prove the following result, which was 
conjectured by Katz ([11, 6.1]): 

Theorem 0.1. The ratio L{X , £.) / L{Spec¥p, f\C) extends to a nowhere- 
zero function on the closed unit disc \T\ < 1. 

In particular this implies that the L-function for L{X, C) is p-adic mero- 
morphic in the closed unit disc. According to Katz ([11, 6.1]), when X = A", 
this is an old result of Dwork's. 

Katz also conjectured that L{X,C) extends to a meromorphic function 
on the rigid-analytic affine T-line. The second part of Katz's conjecture was 
a generalization of a conjecture of Dwork predicting that L{X, C) was p-adic 
meromorphic when the unit L'-crystal A4 associated to C was the unit part of 
an ordinary, overconvergent F-crystal. Wan [13] has found counterexamples 
to the part of Katz's conjecture predicting that the L-function is meromorphic 
for general lisse sheaves. On the other hand, in a recent preprint [14] he 
has proven that Dwork's more cautious prediction is actually true. Thus, 
while the question of when the L-function is meromorphic is by now quite well 
understood, much less is known about the location of the zeroes and poles. 
In fact the only prior results in this direction that we are aware of are due to 
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Crew [3], who proved Katz's conjecture in the special case when X is an affine 
curve and the sheaf C has abehan monodromy, and Etesse and Le Stum [8], 
who proved Katz's conjecture under the strong assumption that C extends to 
some compactification of X. 

In fact we prove a more general result showing that an analogue of Katz's 
conjecture is true even if one replaces Zp by a complete noetherian local 
Zp-algebra A with finite residue field. We refer to Corollary 1.8 for the precise 
formulation. 

Our methods also have some applications to results on lifting representa- 
tions of arithmetic fundamental groups. In particular, we show the following 

Theorem 0.2. Let X he a smooth affine ¥p-scheme, A an artinian local 
Zp- algebra, having finite residue field, and 

p:7ri(X) ^GLd(A) 

a representation of the arithmetic etale fundamental group of X. Consider a 
finite flat local Zp- algebra A and a surjection A — > A. There exists a continuous 
lifting of p 

p : 7ri(X) ^ GLd(A). 

// X is an open affine subset of then p may be chosen so that the 
L- function of the corresponding lisse sheaf of A- modules is rational. 

Let us now describe the contents of the paper in more detail. 
In Section 1 we define the necessary L-functions, and state our main re- 
sults. 

In Section 2 wc give the proof of some standard results on behaviour of 
L-functions in exact triangles, and under stratification of the underlying space. 
These are used later to reduce our calculations to a special case. 

In Section 3 we introduce a key ingredient in our work, which is the 
relationship between locally constant or lisse etale sheaves and unit F-crystals. 
Wc show that if A is an artinian (respectively a complete noetherian) finite 
local Zp-algcbra with finite residue field and if X is a formally smooth jo-adic 
formal scheme equipped with a lifting F of the absolute Frobenius of its special 
fibre, then there is a one-to-one correspondence between locally constant etale 
sheaves of finite free A-modules (respectively lisse etale sheaves of A-modules) 
on X and finite locally free A^i^ Ox-modules £ on X equipped with a A-linear 
isomorphism F*£ — > £. This generalizes a result of Katz ([12, 4.1]), which 
treats the cases when A = Zp or Z/p"- for some positive integer n. 

In Section 4 we begin our proof of Katz's conjecture. For the usual reasons 
of technical convenience, we prove a more general result on complexes of p-adic 
constructible sheaves of A-modules. By passing to the inverse limit, we see that 
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it is enough to consider the case where A is artinian. Using standard techniques 
we reduce ourselves to having to verify Katz's conjecture for a locally constant 
fiat A-sheaf on an open subset of with the additional property that the 
associated unit (A, F)-crystal 8 (as explained above) has an underlying locally 
free sheaf of A (g)Zp Ox-modules which is actually free. Under this assumption 
we may choose a surjection A — > A, with A a finite fiat local Zp-algebra, and 
lift this A-sheaf to a lisse A-sheaf by lifting the associated unit (A, F)-crystal. 

In this situation we prove Katz's conjecture directly, by using an explicit 
trace calculation in the style of Dwork [5] . To reduce to this trace calculation 
we utilize a technique of Deligne [4] in order to find an Artin-Schreier sequence 
for the extension by zero of a lisse A-sheaf under an open immersion, which 
allows us to relate p-adic etale cohomology with compact support to coherent 
cohomology of formal Zp-schemes. A key part of this calculation is the subject 
of Section 5. 

Finally, in Section 6 we show how our methods can be used to lift repre- 
sentations of arithmetic fundamental groups. 

Finally, let us mention that the methods used in this paper are a special 
instance of a more general theory developed by the authors in the papers 
[6], [7]. This theory describes the etale cohomology of p-power torsion or 
p-adic constructible sheaves on finite type Fp-schemes in terms of quasi-coher- 
ent cohomology; more precisely, a certain Riemann-Hilbert correspondence is 
established between the appropriate derived categories of such etale sheaves, 
and a derived category of certain quasi-coherent analogues of unit F-crystals. 
However, we have written this paper so as to be independent of these more 
general techniques. 

Acknowledgments. The authors would like to thank Pierre Berthelot for 

suggesting that they apply their techniques to the study of L-functions. The 
first author would also like to thank Mike Roth for useful discussions. 



1. Notation and statement of results 

(1.1) Let p be a prime number, fixed for the remainder of the paper, Fp 
denote a finite field of order p, and Fp be a choice of an algebraic closure of 
Fp (fixed once and for all). For any positive integer n we denote by Fpn the 
unique degree n extension of Fp contained in Fp. We denote by cr : Fp Fp 
the (arithmetic) Frobenius automorphism a of Fp, and denote by ^ the 

geometric Frobenius automorphism of Fp, that is, the inverse of a. Both a and 
4) are topological generators of the Galois group of Fp over Fp. 
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We denote by W the ring of Witt vectors oi¥p, and by a and (p respectively 
the canonical Probenius automorphism of W and its inverse. If n is any positive 
integer, we let W{¥pn) denote the Witt ring of Fpn, regarded as a subring of 
W. As usual we will denote by Zp the ring M^(Fp) of p-adic numbers. 

(1.2) Let X be a finite type scheme over Fp, and A a nocthcrian ring, 
with mA = for some positive integer m. We denote by D^{X,A) the de- 
rived category of bounded-above complexes of etale sheaves of A-modules on 
X, and we denote by D'^^j:{X,A) the full subcategory of D^{X,A) consist- 
ing of complexes of A-sheaves which have finite tor-dimension, and which are 
constructible (in the sense that their cohomology sheaves are constructible 
A-modulcs [1]). Given any object C of D'^.^j^{X, A), we may define its 
L-function in the usual way, which we briefly recall. 

If C* is a constructible complex of A-sheaves of finite tor-dimension on 
X then by [4, Prop.-Def. 4.6 (ii). p. 93], we may assume that C is a finite 
length complex of flat constructible A-slicaves. If x is a closed point of X we 
let CI. denote the flat A-sheaf obtained by restricting O to the point x. If 
we choose an identification of the residue field of x with the subfield ¥pd(x) 
of Fp, and denote by x the Fp- valued point of X lying over x, then £| is a 
free A-module equipped with an action of the d}^ power (p'^ of the geometric 
Frobenius automorphism. We let |X| denotes the set of closed points of X, 
and define 

L{X,£*)=Y[ Yl detA(l-(/.'^(^)T'^(^),>Cy(-i)'^\ 

i x£\X\ 

This is an element of 1 + TA[[T]]. 

Prom the definition we see that L-functions are compatible with change 
of ring: if A, A' are noetherian rings killed by some positive integer, ^ : A — > A' 
a map of rings, and C* is as above, then we have 

L{X,C*^A') = g{L{X,C*)). 

(1.3) Let X be a finite type Fp-scheme and let i : Xj-d ^ X he the 
closed immersion of the underlying reduced subscheme of X into X. Then 
the functors i\ and are quasi-inverse, and induce an equivalence of triangu- 
lated categories between D^^j(Xj.ed, A) and D^^j,{X,A) (preserving the canon- 
ical t-structure of both categories). If C* is any object of Dl^^{X,'L/p^) then 
L{X,C*) = L{X,^,i-^C'). 

(1.4) If / : X ^ y is a separated morphism of finite- type Fp-schemes 
then push-forward with proper supports induces a functor /i : D^^^ (X, A) — > 
^ct/(^>A) ([4, Th. 4.9, p. 95]). 
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Theorem 1.5. Let f : X ^ Y be a separated morphism of finite- type 
¥p-schemes, and A a finite, local, artinian "Lp-algehra, with maximal ideal m. 
If C* is any object of D^^j^[X, A) then the ratio of L- functions 

L{X,C)/L{Y,f,C), 

a priori an element 0/ 1 + TA[[r]], in fact lies m 1 + mTAfr]. 

(1.6) Suppose that A is finite and reduced of characteristic p. Then from 
Theorem 1.5 we conclude that the L-functions of objects of D^^j{X4.i,K) are 
invariant under proper push-forward. This was originally proved by Deligne 
([4, Th. 2.2, p. 116]). 

An interesting point is that Deligne gives a counterexample involving a 
locally constant sheaf of free rank one ¥p[X\/ X'^-m.odvles, to show that his for- 
mula does not hold without the hypothesis that A is reduced ([4, 4.5, p. 127]). 
Thus if we take A = Fp[X]/X^, then Deligne's counterexample shows that, 
in general, the quotient of the L-functions in Theorem 1.5 is not equal to 
1. Nevertheless, our theorem asserts that it is equal to 1 modulo the princi- 
pal ideal {X). This also follows from Deligne's theorem by "specialization of 
L-functions" (1.2), and in fact this same argument shows that the ratio of 
L-functions L{X, £.')/ L{Y, f\C*) occurring in the statement of Theorem 1.5 
always lies in 1 -|- mTA[[T]]. Thus the key result of Theorem 1.5 is that this 
ratio is in fact a polynomial. 

(1.7) We want to define L-functions for lisse sheaves, or more precisely, 
the lisse analogue of constructible sheaves. For this, suppose that we are given 
a noetherian ring A and an ideal / C A, such that A is /-adically complete and 
p is nilpotent in A/I. We define the category D^_g^{X, A) to be the 2-limit 
of the categories D'^^j{X, A//"), n = 1, 2, ... . One has a formalism of f\, f^^ 

L , 

and (g) in L>J_^^(X,A) (see [9] for details). 

, L 
If C* is an object of L'*_^^(X, A) then by construction C 0a A//" be- 
longs to L>^^j(X, A//") for each positive integer n. If n > m then the compat- 
ibility of formation of L-functions with change of rings shows that 

L{X, C (Ia A/r) = L{X, C ®K A//"*) (mod /"*). 
Thus we may define L(X, £*) G 1 rA[[r]] to be the limit of the L-functions 

L(X,£« 0A A/7"). 

Now suppose that f : X ^ Y \% n. separated map of finite type 
Fp-schemes. As before, we have a functor /; : D\_^^{X,A) L'j_^^(y, A). 
For each positive integer n there is a canonical isomorphism 

(/,£•) ®A A//" ^ /,(£• ®A A/I'^), 
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SO that 

L{Y, /,£•) ^ L{Y, MC- a//")) (mod /"). 

If we now suppose that A is a complete local Z^-algebra with finite residue 
field (so that in the above discussion 7 = m is the maximal ideal of A) , by letting 
n tend to infinity in the above discussion we derive the following corollary of 
Theorem 1.5, which includes Katz's conjecture as a special case (take A to be 
Zp and C to be a single lisse p-adic sheaf in degree zero): 

Corollary 1.8. Let A be a complete local T^p- algebra, with finite residue 
field, and maximal ideal m. Let f : X Y be a separated morphism of fi- 
nite type ¥p-schemes. If C* is any object of D'^_g^{X,K) then the ratio of 
L-functions 

L{X,C')/L{Y,fiC'), 

a priori an element of 1 + rA[[r]], in fact lies in 1 + mTA{T), where A{T) 
denotes the m-adic completion of the polynomial ring A[T]. 

2. Preliminaries on L-functions 

(2.1) Below, A will be a noethcrian Z/mZ-algebra for some integer m. 
For any separated morphism f : X ^ Y oi finite-type Fp-schemes and 
any object £,* of £)^jy^(X, A), let us write 

Q{f,n=L{X,n/LiY,f]C'). 

We begin by recalling some standard tools for analyzing such ratios of 
L-functions. Although the proofs are well-known and quite straightforward, 
for the sake of completeness we recall them. 

Lemma 2.2. If f : X ^ Y is a separated morphism of finite-type 
¥p-schemes, then for any distinguished triangle 

of objects of D'^^j{X, A), there is the equality 

Q{f,Cl) = Q{f,C\)Q{f,Cl). 

Proof. This follows immediately from the fact that f\ takes distinguished 
triangles to distinguished triangles, together with the multiplicativity of 
L-functions of objects in a distinguished triangle. □ 

If / : X — > y is a morphism of schemes and y is a point of Y we let 
fy : Xy — > y denote the fibre of / over the point y. 
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Lemma 2.3. For any separated morphism f : X ^ Y of finite-type 
¥p-schemes and any object L* of D'^^j^{X, A), there is the equality 

Q{f,n= n Q(A'^k)- 

ye\Y\ 

Proof. By partitioning the elements of \X\ according to their image in 
one sees that 

L{x,n= n L{Xy,qxJ- 

J/6|F| 

By the proper base-change theorem, for any point y of |y|, 
and so 

y^\Y\ 

Thus 

Q{f,n = n L{Xy,C'[^^)/L{y,f,X'[^;)= n Q{fy,i^\x,l 

ye\y\ ye\y\ 

proving the lemma. □ 

Lemma 2.4. If f : X ^ Y and g : Y ^ Z are two separated morphisms 
of finite-type Wp- schemes and C* is any object o/D^jj(X, A) then there is the 
equality 

Q{gf,C) = Q{g,fX')Q{f,C). 

Proof. We compute (beginning with the right-hand side) 

QigJX )Qif,C ) - j;^^;^^j;^yj^^ - l(zJ^) " ^^^^'^ 

This proves the lemma. □ 

Lemma 2.5. For any separated quasi- finite morphism f : X Y of 
finite-type ¥p-schemes and any object C* o/D^^j(X, A), Q{f,C) = 1. 

Proof. Lemma 2.3 reduces us to the situation in which Y = SpecF^d is a 
point, so that X is either empty, in which case there is nothing to prove, or 
else zero-dimensional. In this second case we may replace X by its underlying 
reduced subscheme (via (1-4)), and writing this as a disjoint union of points we 
reduce to the case that X is also a point, say X = SpecF^d' , with d dividing d'. 
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Using Lemma 2.2 one reduces to the case that £* = £ is a single flat A- module 
equipped with a A-linear (p'^ action. Then f\C is simply the induced module 

and the equality of L-functions L{X, C) = LiY, f\C) is an elementary calcula- 
tion. □ 

Lemma 2.6. Suppose that f : X —>Y is separated morphism of finite type 
¥p-schemes, and that X = SoY[SiY[ - ■ YiSn is a stratification of X by locally 
closed subsets Si {more precisely, each Si is closed in the union IJj=o '^j)- Each 

of the Si is given its reduced / induced scheme structure. If C is an object of 
D^^j[X, K) then letC'g, denote the restriction of C to each of the locally closed 
subsets Si, and let fi : Si ^ Y denote the restriction of the morphism f to 
each of the locally closed subsets Si. Then 

n 

Q{f,n = l[Q{fi,£Js,)- 

i=0 

In particular, this applies if the stratification on X is obtained by pulling back 
a stratification on Y. 

Proof. This follows from Lemmas 2.2, 2.4 and 2.5, since immersions are 
quasi-finite. □ 



3. Etale sheaves and unit F-crystals 

(3.1) We want to explain a generalization of a result of Katz relating etale 
sheaves and unit F-crystals. Although what we do can be done somewhat 
more generally, we restrict ourselves to smooth Z/p"-schemes. 

Assume we have a smooth scheme X over Z/p", and let A be a 
Z/p"-algebra. We assume that X is equipped with an endomorphism F lifting 
the absolute Probenius on its reduced subscheme. 

A unit (A, F)-crystal on X is a sheaf £ of finite locally free A f^^/p" 
modules, equipped with a A ®z/p" Ox-linear isomorphism F*£ — > £. Note 
that if the map Z/p" — > A factors through Z/p" for some positive integer 
n' < n, then the notion of a unit (A, F)-crystal depends only on the reduction 
of X modulo . 

Proposition 3.2. Suppose that A is noetherian, local, and finite over 
Z/p^. There is an equivalence of categories (explicitly described below) between 
the category of locally constant etale sheaves of finite free A-modules on X and 
the category of (A, F)- crystals on X. 
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Proof. Let £ be a locally constant etale sheaf of finite free A-modules on 
X (which is, of course equivalent to the data of such a sheaf on the reduction 
of X modulo p). We associate to C a (A, F)-crystal on X as follows. Consider 
the ctalc slicaf S^.^ =: C '^z/p" ^x^t - This is a coherent sheaf of A ^z/p'^ ^^6t" 
modules, which is in fact locally free of finite rank (since C is locally free of 
finite rank over A). Regarding S^t as a coherent sheaf on Ox^^, we see by 
[12, 4.1] that S^t comes by pull-back from a Zariski coherent Ox -module £. 
Moreover, £ is equipped with an isomorphism F*£ — > £. If we denote by $ 
the composite £ F*£ — > £, then the induced map <&et on £^x_ has fixed 
subsheaf equal to C. As the formation of £ is functorial in £^i, we see that 
£ is equipped with the structure of a A-module, and that the isomorphism 
F*£ —>■ £ is A-hnear. 

To see that this gives £ the structure of a unit (A, F)-crystal wc have 
to check that £ is locally free as a A ^z/pn Ox-module. If x ^ X denote by 
X an etale point lying over x. Now £4t,x = £x ®(A®2/pnOx,a.) ®^/p" ^^et,s) 
is certainly a free A (8>z/pn Cx^t,^ module. Since A 'Sii/p'"- Ox^t,x is faithfully 
flat over A^^/pu Ox,x (Oxct,£ being faithfully flat over Ox,x), we conclude by 
descent that £x is locally free of constant rank over A ®z/p" ^x,x- Since A 
is finite over Z/j?" we see that A i^z/p" ^x is finite over the local ring Ox,x, 
and so is semi-local. Thus the freeness of £x over A(8)g/p7i Ox follows from the 
(simple) commutative algebra fact: a finite module M over a semi-local ring 
A which is locally free of constant rank is in fact free. (To see this, observe 
that M/rad(yl) is locally free of constant rank over the direct sum of fields 
^/rad(^), and so is certainly free. Lifting generators, Nakayama implies that 
M is itself free.) 

Next we construct the quasi-inverse functor. Given a unit (A, F)-crystal 
£ of rank m, we pull it and its Frobenius endomorphism $ back to the etale 
site to get a coherent locally free A ®z/p" Ox^t-modulc £^i, equipped with a 
A-linear endomorphism We have to show that if £ = ker(l — ^et); then 
the natural Ox^t —>■ £et is an isomorphism. Indeed, once we have 

this, then C is necessarily locally free over A, by flat descent, as Ox^^ is flat 
over Z,/p", and £et is locally free over A i^z/p" ^x^f 

For this, suppose first that A is flat (and necessarily finite) over Z/p". In 
this case wc may regard £" as a unit (Z/p", F)-crystal, so that the map above 
is an isomorphism by Katz's theorem [12, 4.1]. 

In general, we can write A as a quotient of a finite flat local Zp-algebra 
A; as A is finite over Zp, there is a surjection h : Zp[xi, . . . , ,t,.] A, and for 
i = 1, . . . ,r there exists a monic polynomial pi with coefficients in Zp such 
that h{pi{xi)) = 0. Thus A is a quotient of Zp[xi, . . . ^x^]/ {pi{xi), . . . ,pr{xr)), 
which is a finite flat Zp-algebra, hence, in particular, semi-local. Thus we may 
take A to be a localization of Zp[a;i, . . . ,Xr]/{pi{xi), . . . ,pr(xr)) at a suitable 
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maximal ideal. Then A is finite flat over cis is a complete local ring (so 
localization does not destroy finiteness). 

To show that £ ®z/p-^ ^^et ^et we may work locally. As f is a locally 
free A ^^/pn Ox-module, after localizing on X, we may assume that E is free 
over A O^i/p" Ox, say ^ = (A «)2;/pn Ox)™- Write £ = (A/p" O^i/pn Ox)™- In 
this case we can lift the isomorphism F*£ —i- £ of free A ®z/p" Ox-modules 
to a morphism F*£ £ oi free A/p" ®z/p" Ox-modules, and any such lift is 
an isomorphism, by Nakayama's lemma. This gives £ the structure of a unit 
(A/p", F)-crystal. We denote hy ^ : £ £ the induced A-linear, F*-semi- 
linear endomorphism of and by £ct, £ct, ^6ti ^ct the pull-backs to the ctalc 
site of X of £, £, If x is any etale point of X^i, we obtain a commutative 
diagram 

^ ker(l-$^t)x > £x -^-^ £x ^ 

, ker(l-$^t)x ^ £x £x ^ 0. 

Here the bottom row is obtained by applying CS)j^^pn^ to the top row. By the 

previous discussion, applied to the finite flat Z/p" algebra A/p", we know that 
the top row is exact, hence the bottom one is also, clS IS flat over A/p", 
Ox being flat over Z/p". Thus, letting £. denote kcr(l — $et), we see that the 
map C Ox^t — > £ex is obtained by applying to the isomorphism 

£ ®z/p" C'x^t — ^ £et-, and so is an isomorphism. □ 

(3.3) Wc may formulate a version of the above theorem for ctalc sheaves 
on a smooth Fp-schcmc Xq. We may define a unit (A, i<')-crystal to be a 
locally free sheaf of finite rank A CS^p Oxo.crys-modules on the crystalline site 
of Xq/'L/p"' equipped with an isomorphism F*£ — > £ (here F denotes the 
Probenius on the crystalline site, and Oxo,crys is the structure sheaf on the 
crystalline site). If there exists a smooth Z/p" scheme X whose special fibre 
is Xq and a lift F of the absolute Frobcnius on X, then the two notions are 
equivalent (exercise (!), but see also [7]), so that our new definition is consistent 
with the previous one. Thus even if no global lift exists we get an equivalence 
of categories between locally constant etale sheaves of free A-modules and unit 
(A, F)-crystals. Indeed, to construct this equivalence, we may work locally, 
and then we may assume ([10, III]) that Xq lifts to a smooth Z/p"- scheme, 
equipped with a lift of Probenius. Now we can appeal to our previous results. 

The referee has also remarked that there is a connection between the 
preceding theorem and the results of Berthclot and Messing which relate finite 
etale group schemes and Dieudonne crystals (see §2 of [2]). 
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(3.4) It will be convenient to have an analogue of Proposition 3.2 for lisse 
sheaves. For this let X be a formally smooth p-adic formal scheme over Zp, 
equipped with a lift F of the absolute Frobenius on its reduced subscheme, 
and A a finite flat Zp-algcbra. A unit (A, F)-crystal £ is defined as in (3.1). 
Namely, it is a locally free, coherent A Ox-module £ equipped with an 
isomorphism F*£ £. Then we have: 

Corollary 3.5. Suppose that A is local, and finite flat over Z^. There 
is an equivalence of categories between p-adic lisse sheaves of A-modules on X 
and unit {A, F)- crystals on X. 

Proof. This follows immediately from Proposition (3.3) once we note that 
a unit (A, F)-crystal £ satisfies £ \im£/p'^£, because A is finite over Zp. 

Explicitly, if £ is a p-adic lisse sheaf of A-modules, write Cn = Cjp^L. 
Then (8)Zp Ox^t descends to a coherent, locally free Zariski sheaf of kjp^ 
Ox-modules £n on Ox^ equipped with an isomorphism £„■ Then we 

may attach £ = lim^^ to C. It is locally free over A i^ip Ox as each of the £n is 

locally free over A/p^ Ox- (In fact if U C X is an open formal subscheme 
then £ becomes free over U as soon as £i is free over U.) 

Conversely, if f is a unit (A, F)-crystal, then we may attach a locally 
constant etale sheaf of free A/p"-modulcs £„ to £/p'^£, and set C = lim£„. 

If £et is the pull-back of £ to X^t > we sometimes abuse notation, and write 

£et=jO^ZpOx,,. □ 

4. Proof of Theorem 1.5 

(4.1) In this section we present the proof of Theorem 1.5. We denote by 
A a finite, local, artinian Zp-algebra. We begin with some preliminaries on 
formal schemes, and liftings of Frobenius. 

(4.2) Let d be a positive integer. Let P'' denote d-dimensional projec- 
tive space over Fp, equipped with homogeneous coordinates Zq,. . . ,Zd. Write 
Zi := Zi/Zo for the afHne coordinates corresponding to our choice of homoge- 
neous coordinates; then 

Gi = Spec¥p[zi, zY\ ...,zd, z^^] C P'^. 

We denote by P'^ the formal, d-dimensional projective space over Zp ob- 
tained by completing the d-dimensional projective space over Zp along 

the special fibre p = 0. The underlying topological spaces of f"^ and P'^ are 
equal. We denote by Opa the structure sheaf of P'^, thought of as a sheaf on 
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the underlying topological space of P'^, and if U is any open subset of P , we 
write = O^dlu- We will sometimes write U to denote U considered with the 
formal scheme structure given by O^. Wc will employ this notation especially 
in the case that U is an open subset of C P*^. 



(4.3) Let X be of finite type over ¥p. If x is a closed point of such a scheme 
we let k{x) denote the residue field of x. This is a finite field of some degree 
d{x) over Fp. We denote the ring of Witt vectors of k{x) by W^- We again use 
a (respectively (p) to denote the Frobenius automorphism of Wx (respectively 
its inverse automorphism). If we choose an isomorphism of k{x) with ¥pd(x), 
this induces an isomorphism of Wx with W{¥pd(x)), which is equivariant with 
respect to the automorphism a of each of these rings. 

Consider the endomorphism F of P"^ given by Z-i Zf. This is a lift of the 
absolute Frobenius to P"*, which induces an endomorphism of each formal open 
U C F"*, and in particular of the formal d-dimensional multiplicative group 

Gi = SpfiZp{zi,z^\ ...,zd, z^')) C P^ 

where it is given by F*{zi) = zf. (Here Zp{zi, z^^ , . . . ,Zd,z^^) denotes the 
p-adic completion of the Zp-algebra 7jp[zi, z^^ , ... ,Zd, z^^].) 

If fc is a finite field, and x is a /c-valued point of corresponding to the 
morphism 

¥p[zi,z^^,. . . ,Zd,z'^'^] k 
of Fp-algebras, then x lifts to a morphism 

1.p{zi,Zi^,... ,Zd,z'^^) ^W{k) 
(the Teichmiiller lifting), characterized by the property that the diagram 
'^p{zi,Zi'^,... ,Zd,z^^) > W{k) 



Zp{zi,Zi^,... ,Zd,z^^) > W{k) 

commutes. We denote this W{k)-vdlued point of by x. 

In particular this applies if a; is a closed point of Gf^ and we take k to 
be k{x), the residue field at x, so that x is naturally a K(a;)-valued point of 
G^. If we choose an embedding of k{x) into a subfield F^n of Fp (for some 
positive integer n) then we may regard x as an Fpn-valued point of G^, and 
the corresponding embedding of Wx as a subring of W{¥pn) realizes 3C clS cl 
VF(Fpn)-valued point of G^. 
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(4.4) We now begin the proof of Theorem 1.5. Consider an arbitrary 
separated morphism f : X ^ Y of finite type Fp-schemes. We may find a 
stratification of Y by locahy closed affine schemes Tj. If Si = f~^{Ti) then 
Lemma 2.6 shows that it suffices to prove Theorem 1.5 for each of the mor- 
phisms fi'.Si—* Ti obtained by restricting / to the subschcmcs Si. 

Since each Tj is affine, the structural morphisms gi : Ti ^ SpecF^ and 
hi = fiQi : — > Fp are separated, and Lemma 2.4 shows that for any object 
of Dl,f {Si, A), 

Q{fi,jC.') = Q{hi,C)/Q{gi,fiX'). 
Thus it suffices to prove Theorem 1.5 for the morphisms Qi and hi. 

(4.5) The preceding section shows that we are reduced to considering 
Theorem 1.5 in the case that f : X SpecFp is the structural morphism of a 
finite type separated Fp-scheme. We will prove Theorem 1.5 by induction on 
the dimension of X. Thus we assume that the result holds for all separated 
Fp-schemes of finite type and of dimension less than that of X. 

Nothing is changed if we replace X by its reduced subscheme. Wc find 
a dense open subscheme U of X such that each connected component of U 
admits a quasi-finite and dominant morphism to for some natural number 
d (which is necessarily the dimension of this connected component, and so is 
less than or equal to the dimension of X). To find such aU wc choose a dense 
smooth open subscheme of X. Each connected component of this smooth 
open subscheme is irreducible, and contains a nonempty (and so dense) open 
subset which admits an etale map to some G^. We take U be the union of 
these open subsets. Since X \ U has lower dimension than X, Lemma 2.6 
together with our inductive hypothesis shows that it suffices to prove Theo- 
rem 1.5 for each connected component of U. Fix one such connected component 
V, say, equipped with a quasi-finite dominant morphism g : V ^ G^. Let 
h : G^ SpccFp be the structural morphism of G^, and k = gh : V ^ 
SpecFp the structural morphism of V. For any object C* of Z?^^j(y, A), Lem- 
mas 2.4 and 2.5 show that 

Q{k,C') = Q{h,g^C')Q{g,C') = Q{h,gX'). 

So it suffices to prove Theorem 1.5 when X = G^, and Y = Spec(Fp). 

(4.6) Let C* be any object of Z)^jj(G5^, A). As observed in (1.2), we may 
assume that each of the finitely many nonzero is a constructible etale sheaf 
of flat A-modules. Lemma 2.2 allows us to verify Theorem 1.5 for each of the 
D separately. Thus we assume that = £ is a single constructible etale sheaf 
of flat A-modules. 
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We may find a nonempty (and hence dense) open afiine subscheme U of 
such that C is locally constant when restricted to U. We form the tensor 
product £ = C^ij0Zp O^. Note that £^ is a coherent Ojj /p^-sYicsl for sufficiently 
large integers n. Hence it descends to a coherent Zariski sheaf of locally free 
A O^-modules. In particular, U contains a nonempty (and hence dense) 
open subset V over which £ becomes free as a A®^^ O^-module. We may find a 
global section a of O^d^ such that the zero-set Z{a) of a is a proper subset of 
containing the complement of V . Writing D{a) = \ Z{a) C V, we sec that 
D{a) is nonempty and that £ is free over A (g)^^ Ojj, when restricted to D{a). 
Since Z(a) has dimension less than d, our induction hypothesis, together with 
Lemma 2.6, shows that it suffices to prove that Q{f ■, C\D(a)) li^s in 1 -|-mrA[T]. 

(4.7) Since we will only be dealing with the locally constant sheaf C\D{a) 
from now on, we write simply C and £ rather than i^\D{a) ^-nd £\D{a)^ so that 

Recall the endomorphism F of D{a) defined in Section (4.3) by restricting 
the endomorphism F of IF"^. The tensor product of the identity morphism on 
C and the endomorphism 1 ® F* of A ^D(a) induces an 1 (g) i^*-linear 
endomorphism of £, which we denote by and endows £ with the structure 
of a unit (A, F)-crystal, from which C may be recovered as the etale subsheaf 
of ^-invariants (see §3). For convenience we will often abbreviate 10F* to F*. 

The global section a is an element of ¥p[zi, z^^ , . . . ,Zd,z'^^]. Let a de- 
note a lift of a to a global section of Of. a . Then a priori a is an clement 

of I'pizi, z^^, ... ,Zd, z^^), but we may and do choose d to be an element of 
7jp[zi, z^^ , . . . ,Zd,z'^^] (since our only concern is that it reduce modulo pto a). 

Choosing a basis of £ induces an isomorphism A (g)^ £. With 

respect to this basis the F*-linear endomorphism $ may be written in the 
form $ = (rjj) o F* , where (rjj) is an invertible m x m matrix of elements of 
A0Zp^p[zi,z{^,... ,Zd,z'^^,d-^]. 

As in the proof of Proposition 3.2, there exists a finite fiat local 
Zp-algebra A, and a surjection A ^ A. We write m for the maximal ideal 
of A. Now we may lift each of the rational functions r^j to an element fjj of 

Mzi 

, z-^^ , . . . , Zd, z^^ , a Using these lifts we may form the following unit 
(A, F)-crystal on the open subset D{a) of G^: 

which reduces to £ after (2)y^A. Denote this unit (A, F)-crystal by £, and 
let C denote the corresponding lisse etale Zp-sheaf on D{a) obtained as the 
$-fixed etale subsheaf of the etale sheaf induced by £. We saw in Section 3 
that £ is a lisse sheaf of A-modules of rank m. We will prove that the ratio 
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L[D{a), C) / L{Spec¥p, g\C), belongs to 1 + mTA(T). Specializing via the map 
A — > A, we conclude that 

Q(/,£)el + mrA/p"[r], 
completing the proof of Theorem 1.5. 

(4.8) In this section we make a series of changes of basis of the unit 

-F-crystal £ and its lift £ in order to ensure that the matrices (rjj) and (fjj) 
have certain properties. Slightly abusing notation, we will again denote by d 
the image of d in A[zi, z^^ , . . . ,Zd, z^^]- We begin by observing that 

F*d = d^ (mod p) 
= (mod d^,p). 

Thus, if n is an integer such that = in A, then for some sufficiently large 
natural number we have 

{F*df = (moda^+\p"), 

and so 

{F*d/df edA[zi,z:[\... ,zd,z^'^]. 

If we let M be the maximal power of d occurring in the denominators of the 
elements r^j of A[zi,Zi^ , ... ,Zd, z^^ ,d~^] then we see that 

(F*a/a)(^+i)^ri,- G dA[zi,z^\ ...,Zd, z^^] 
for each pair Consider the commutative diagram 

(i.'*S/a)(*f+l)Af(ri,.)oF* 



-(M+1)N 



^(M+1)JV 



in which the horizontal arrows arc F*-linear maps and the vertical maps 
are A (gi^^ O^^^^ -linear isomorphisms (since they are simply multiplication by 

unit on D{a)). This shows that we may choose a basis for £ with 
respect to which the matrix (rjj) of ^ has entries in dA[zi, z^^ , . . . ,Zd,z^^], 
and from now on we assume such a choice made, so that £ is described by the 
short exact sequence 

^ £ ^ A A > 0, 

in which {rij{z)) is a matrix of of polynomials vanishing at the points of Z(a). 
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Now as in (4.7) we may lift the polynomials rij, this time to elements fij 
of aAlzijZ^-^, ... ,Zd, zj^], to obtain a lift £ oi £ and a lift C of C. Let s be an 
integer chosen so that each (zi • • • ZdYfij belongs to A[zi, ... , 2:,^], and choose 
a second integer t so that (p — l)t > s. Then the diagram 



in which the horizontal arrows arc F*-lincar morphisms and the vertical arrows 
are A ^1 Oj^.^ -linear isomorphisms (since (zi---ZdY is invertible on GjL), 

commutes. The matrix {zi--- Zci)^~^^^ (fij) consists of elements of 

(4.9) {zi ■ ■ ■ Zd)A[zi, . . . naA[zi,zf\... ,Zd,z^^], 

by construction. Thus we see that we may choose a basis of £ so that the 
matrix r^j describing the F*-linear endomorphism $ of £^ consists of elements 
of (4.9), and from now on we assume this done, with the matrix fjj chosen 
with respect to this basis. 

Let g denote the structural morphism g ■.F'^ ^ SpecFp, let h denote the 
open immersion of Fp-schemes h : D{a) underlying the open immersion 

of p-adic formal schemes D{a) — P'^, so that / = gh, and let 0{—l)pa denote 
the ideal sheaf of the formal hyperplane at infinity of W"^ (that is, the hyper- 
plane described by the equation Zq =0). Let u be an integer chosen so that 
{p — l)u is greater than the degree of each of the polynomials fjj. By virtue of 
this choice of u, the matrix (fjj) induces an F*-linear endomorphism (fjj) o F* 
of A (8)Zp 0(— n)]pd. Furthermore, since the rij are divisible by each Zi as well 
as by a, and since (p — l)u is in fact greater than (rather than just equal to) 
the degree of any of the rij, we see that the etale sheaf of (fjj) o F*-invariants 
of A (8)Zp 0{—u)^^ is exactly equal to h\jC,. More precisely, write = C/p^C, 

and A„ = k/p^K. Then for each n > 1, we have have a short exact sequence 
of etale sheaves 

l—(f-'\oF* ~ 

. hLn ^ K 0{-uy^, > An Oi-u)^, . 0. 

This is the exact sequence which we will use to compute f\C = g\h\C, and 
hence to compute its L-function, in order to compare it with the L-function of 
C. (The construction of this exact sequence is an application of the technique 
of [4, Lemma 4.5, p. 120]. It is greatly generalized in [6], [7].) 
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(4.10) If we apply g^, to the short exact sequence of etale sheaves con- 
structed above and keep in mind that for coherent sheaves etale push-forward 
agrees with the coherent push-forward, and that for i < 

R'MK 0{-u)p,) = H\¥'^,K 0{-u)p,) = 0, 
we obtain the exact sequence 

. R^fXn > H''{P'',K 0{-u)^,) 

l-H^iin,)oF^) ^ . R'^'fXr, > 

of etale sheaves on SpecF^. If we take the stalks of this exact sequence over 
the geometric point SpecFp of SpecFp, and pass to the inverse limit over n, 
then we obtain the exact sequence 

> {R^hC^ > i?'(P', A 0{-u)^,) W 



>{R^^'fX)^^ .0. 

The morphism 1 — H'^{{fij) o F*) a is surjective, and so we see that 
Rd+^fX = 0. 

Lemma 4.11. The ratio 

L(SpecFp, /!£)/det^(l - H'^drij) o F*)T, iJ'^(P^ A (8)z, 

is an element of 1 + mTA(T), and is a rational function. 

Proof. Let us denote the finite rank free A-module H'^{F'^, A(^Zp C(— 
by M, for simplicity of notation, and let us denote the A-linear endomorphism 
H'^{{fij)oF*) of M by A little linear algebra shows that M has a canonical 
direct sum decomposition M = M^-ait © -^nii, determined by the property 
that Muiiit is the maximal ^-invariant A-submodule of M on which ^ acts 
surjeetively (or equivalently, bijectively), while Mnii is the maximal ^-invariant 
A-submodule of M on which \I' acts topologically nilpotently. Indeed, it is 
clear that such decomposition exists for M as a Zp-module. However, as it is 
canonical, Munit and Mnii are A stable. Thus they are projective, and hence 
free A- modules. 

We extend the endomorphism ^ to the cj-linear endomorphism ^ a 
of M W. Since * acts topologically nilpotently on Mnii, 1 — ^ (g) cr acts 
bijectively on M^n (8)Zp W. Thus we may replace the exact sequence 

^ (R'^fiC)^ ^M^ZpW M^ZpW-^0 
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of (4.10) by the exact sequence 

Since acts bijectively on iWunit, we see that ^ makes Munit into a unit (A, F)- 
crystal, and that R'^f\JC, is the corresponding hsse p-adic etale sheaf on SpecFp. 
Thus 

L(SpecFp,/,£) = det;^(l - cf>T, (R" fuC.)^/-'^'^' 
= det;^(l-*r,Munit)^-')'^' 

= det^(l - *r,M)(-i)'+Vdet;^(l - *r,M„u)(-^)'^'. 

Thus the lemma will be proved once we show that det^(l - *T, Mnii)(-^)'^"^' 
belongs to 1 + tfiA(r). But this follows from the fact that * acts topologically 
nilpotently on Afnii, and so nilpotently on M/m, so that the characteristic 
polynomial of ^' on satisfies the congruence 

det^(l - *r, Mnii) = 1 (mod m). □ 

(4.12) We now turn to describing the L-function of JC in terms of the 
matrix (fy). 

Lemma 4.13. The L-function of C on D{a) is determined by the formula 

L{D{a),C)= n det^^^^^^(l-((f,,(x))oa)'^(-)T'^(^),A^z,W-r)-'- 

{Recall from (4.3) that x denotes the Teichmilller lift of the closed point x.) 

Proof. This follows from the fact that C^j-^-j equipped with the F*-linear 

endomorphism (fjj) o F* is the unit F-crystal £ corresponding to C More 
precisely, the Artin-Schreier short exact sequence 

— >c — ^o%. — , 

shows that for any point x of D{a), if x denotes an etale point lying over x, 
then 

det(l - <^<^)r<^(^), £s) = det(l - {{hjix)) o ^)dWr<iW, A w^). □ 
Corollary 4.14. The L-function of C on D{a) agrees with the product 

x&\Gt\ 

up to multiplication by an element of 1 +pTA{T). 
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Proof. Lemma 4.13 shows that the ratio of L{D(a),C) and the product 
in the statement of the corollary is equal to 

xe\Z{a)\ ^ 

Thus it suffices to show that this product belongs to 1 +pA{T). 

For any positive integer 5, let |Z(a)|5 denote the (finite!) subset of |^(a)| 
consisting of those closed points x for which d{x) = 5. By construction, each 
fij is an element of aAfzi, z^^ , ... , z^, z^^]. Thus for each x in |Z(a)|5, fij{x) 
lies in pA Wx, so that the entries of 

{{njix))oar^^^ = {{nj{x))oaf 
lie in p^A, and the finite product 

n detA^z,H^.(l - ° a)'^^^T^^^\A W^-' 

x€\Z{a)\d 

lies in I + p^TA[\p^T]] C 1 + p^T^A{T^). From this we conclude that 

xe\Z{a)\ ^ 

= n n detA^z ^.(^ - ^^^'^-^^^^ ° a)'^(-)T'^(-), A ®z, l^D"' 

5>0 xe\Z{a)\s " 
lies in 1 + pTA{T) , thus proving the corollary. □ 

(4.15) Theorem 1.5 now follows from Lemma 4.11 and Corollary 4.14, 
together with the following result, whose proof is the subject of Section 5. 

Proposition 4.16. Let P{T) denote 
det^(l-i7<^((f,,-)oF*)r,iJ<^(P^A®z,0(-tx)^J) G l + rA[T]. 

Then 

n det^ ^^(1 - ((f,,-(x)) o a)<^Wr<^W, A ®z, W^^T' 



xe\G%\ 



i=0 

and so in particular, the ratio 



lies in 1 + pTA{T), and is a rational function. 
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5. Proof of Proposition 4.16 

(5.1) In order to prove Proposition 4.16, wc begin by describing the 
morphism which is Grothendieck-Serre dual to the map 1 — H'^{{fij) o F*). 
The free A-module i7'^(P'^, A 0{-u)f^) ^ i7'^(P"', C'(-u)^J A has 
Grothendieck-Serre dual equal to i7°(P'^, i7'^(w)^"J A. Let C denote the 
Cartier operator on corresponding to the lift of Probenius F, defined by 
the formula 

' ^ 'fdziA---Adzd 



= < 



^1 " ' h = ^ (mod p) for all j 

if ij ^ (mod p) for some j. 



By virtue of our choice of u, the composite C o {fij) defines an endomorphism 
of A®z^Q'^(tx): 

A ^\u) ^^^^ A n'^iu), 

and the dual of the endomorphism H'^{{fij)) o F* of H'^{F'^, 0{—u)p'^) is the 

endomorphism H^{C o (%)) of iI°(P'^, r2'^(u)^) (8)Zj, A. Since a matrix and its 
adjoint have the same characteristic polynomial we see that 

P(r) = det^(l - H%C o {f,j))T, H\F^, n\u)^,) A). 

(5.2) The usual formula for the logarithm of a determinant shows that 

J^' 'Tin 

(5.3) logP(r) = - ^ tracer (i/0(C o (f,,))", H'{F^, n\u)^,) A) — . 

n=l 

For any sections a of A and oj of Q,'^^ we have the identity 

aCuj = CF*{a)LO, 
and so for any positive integer n we have 

n-l 



{coif,^)r=c^oi[{{F*)%). 



1=0 



This allows us to rewrite (5.2) in the form 
(5.4) 



1 fj-rn 



logP(r) = - J] tracer (i7°(C- o lliF*)'^{f,j)),H\r',n^{u)^,) A):^ 

n=l fc=0 
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(5.5) Fix a positive integer n, and suppose that {fij) is any mx m matrix 
of elements of (-Zi • • • Zd,)A.[zi, ... ,Zd], such that each of the fij is of degree less 
than {p"- — l)u. (For example, Y[k=oii-^*)'''^'ij) such, a matrix.) We have a 
morphism 

which induces an endomorphism ijO(C" o (/j^)) of ^^(P^, A (8)z^ ^'^{u)fd)- We 
may also form the sum of matrices 

which will be an m X m matrix of elements of Zp. In this situation we have 
the following lemma, which is a slight modification of Lemma 2 of [5] : 

Lemma 5.6. For any matrix {fij) as above there is the following formula: 

trace^(i/0(C« o (/,,)), i/0(P^ A ^''{u)^a)) 



{Recall from (4.3) that x denotes the Teichmiiller lift of the ¥pn -valued point x 
ofGi.) 

Proof. We first reduce the proof of the formula to the case m = 1, as 
follows. It is clear that the trace on the left-hand side is given by the formula 

trace^(i?0(C" o (/,,)), i/0(P^ A f^'(n);:.)) 

m 

= 5^trace;^(i?0(C" o /,,), ifO(P<^, A ^"{uh^)), 

i=l 

while the trace on the right-hand side is given by the formula 

(pn _ l)d XI X 

Thus if we knew that for any / in zi • • • Z(iA[zi, . . . , z^] of degree less than 
(p" — 1)^ we had the equation 

(5.7) tmce^{H'{C- o /), h'{F', A ^\u)p,)) = ]_ ^ f{x), 

the lemma would follow. This is what we now prove. 
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The set of all such / form a A-submodule of A[zi, ... , z^], and both sides 
of equation (5.7) are A-linear in /. Thus it suffices to prove the formula in the 
case that / is a single monomial 



/ 



with 

(5.8) < ai, 

The A-module 



,ad, ai H h ad < (p" - l)u. 

^ A (8)Zp ri'^('u)pd) has as a basis the differentials 



dzl^■■■ ^ dzd 



with 
(5.9) 

We see that 
C"(zi"i • • • 



8i 



0<^i,... I3i + --- + I3d<u. 



C"(z° 



^1 




^'^ zi---Zd ' 

^ d^i A • • • A dzd 



■Zd 



all ai + Pi = (mod p") 
some ai + Pi ^ (mod 



From this we see that the matrix of H^{C^ o /) with respect to the given basis 
of i?°(F'^, A fi'^(u)pd) has entries which are either or 1, and so the trace 
of H^{C'^ o /) is equal to the number of I's on the diagonal, which is given by 
the number of d-tuples /3i , • • • , /?d which satisfy 



(5.10) 



ai + I3i= p'^Pi, for 1 < i < d, 



together with (5.9). We see immediately that the system of inequalities and 
equations (5.9), (5.10) has no solutions unless 

Q,-i^ = . . . = Q,^ = Q (mod — 1), 

in which case there is a unique solution (here we are using the fact that 
,ad satisfies (5.8)), so that 

(5.11) 

„ , ~ , f 1 all ttj = (mod — 1) 

trace^(C" o /, i^O(P^ A 0^, f^'(n)p.)) = \ ^ ( a n u 

I, some ^ (mod — 1). 

On the other hand, as x ranges over all the Fpn-valued points of G^, the set 
of Teichmiiller lifts x ranges over all d-tuples of (p" — 1)*** roots of unity in 



UNIT L-FUNCTIONS 



351 



W(Fpn). Thus 

(5.12) ^ ^ 

1 all CKi = (mod - 1) 
some ai^O (mod p'* — 1). 

Comparing (5.11) and (5.12), we see that (5.7) is proved, and with it the 
lemma. □ 

(5.13) Applying Lemma 5.6 to the matrices nfc=o((-^*)'^ '~u) which appear 
in the expression on the right side of equation (5.4) we obtain the equation 

oo n-1 ™ 

logP(T) = -;^trace^( U^'^ji'^^^)))^^"') ^ih^ _ i)d 

= -f;trace^( ((-~^.(^)) ° 

This in turn implies that 

d OO rpfi 



logn^(p'r)(-i)'+"'(«) = ^trace;^( ((f,,(x)) o a)", A*^ 



J=0 n=l a;gG^(Fpn) 



Exponentiating both sides yields Proposition 4.16. 



6. Lifting representations of arithmetic fundamental groups 

(6.1) In this section we discuss some applications of our method of lifting 
locally constant etale sheaves of finite free A modules by lifting the associated 
(A, F)-crystals. For the duration of this section A will denote an artinian 
local Zp-algebra with finite residue field and X will denote a smooth affine 
Fp-scheme. We have seen above that there exists a surjection A — > A with A a 
finite flat local Zp-algebra. With this notation, we have the following theorem: 

Theorem 6.2. Let 

p:^i(X) ^GLrf(A) 

he a continuous representation of the arithmetic etale fundamental group of X. 
There exists a continuous lifting of p 
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Proof. The representation p corresponds to a locally constant etale sheaf 
of finite free A-modules on X. We denote this sheaf by C Now we claim that 
X can be lifted to a formally smooth p-adic formal scheme X over Zp equipped 
with a lift F of the absolute Frobcnius. Indeed by [10, III] the obstructions 
to the existence of such a lifting are contained in the cohomology of certain 
coherent sheaves on X, and so vanish, since X is affine. 

Fix X and F, and denote by 6 the unit (A, F)-crystal on X corresponding 
to C, so that £" is a finite free A O-^ sheaf equipped with an isomorphism 
F*£ — > £. We have already seen in the proof of Proposition 3.2, and also in 
(4.7), that locally on X, £ can be lifted to a finite free A O^-module £ 
equipped with an isomorphism F*£ £ lifting F*£ £. The obstruction 
to the existence of such a global lift is contained in the cohomology of certain 
coherent O^-modules (because A. ®Zp O-^ is O-^ coherent), and so vanishes, 
since is formal affine. 

This proves the proposition, because by Proposition 3.2, £ corresponds to 
a lisse sheaf of A-modules on X, which gives the required representation p. □ 

Theorem 6.3. With the notation of Theorem 6.2, suppose that X C 
is an open subset of the affine ¥p-line. Then p may be chosen so that the 
corresponding lisse sheaf of A-modules C has a rational L- function. 

Proof. As in Section 4, we let F denote the lift of Probenius on given 
(in affine coordinates) hy z ^ z^, and let X C denote the open formal 
subscheme corresponding to X C P^. We may extend the unit (A, F)-crystal £ 
attached to p to a sheaf £~^ of locally free A (giZp Opi -modules on P^. Indeed to 
extend across a point ofF^ — X, we may work in a neighbourhood of this point, 
and hence assume that £ is free over A(g)Zp over this neighbourhood, when 
the existence of the extension is clear. Moreover, if D denotes the divisor on 
P^ corresponding to — X, and D denotes the divisor on P^ corresponding 
to the Teichmiiller lift of D, then replacing £~^ by £'^ (—nD), for some large 
integer n, we may assume that the isomorphism F*£ £ extends to a map 
F*£'^ f + (which cannot be an isomorphism unless p is trivial). Now set 

M = Bmaj,^^^0^^{F*£+,£+). 

Replacing £~^ by £~^{—nD) for some large integer n replaces M by 
M{{p — l)nD), and so we may assume that H^{F^,M) = 0. (This will be 
used later.) 

Now we claim that £'^ can be lifted to a locally free A ®Zp Cpi -module 
£'^. Indeed, such a lifting exists locally, and the obstruction to a global lifting 
is contained in of certain coherent sheaves on P^, hence vanishes (cf. [10, 
III, 7.1]). 
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Let n be the kernel of A ^ A. We claim that F*£^ £^ lifts to a 
morphism F*£'^ /r? — > S'^ jx? which is an isomorphism when restricted to 
X. To sec this, wc begin by observing that such a lift exists locally. More 
precisely, such a lift exists over any open [/ C P"*^ which has the property 
that £'+/n^ becomes a free A Opi-module when restricted to \J. Now let 
Uo,Ui, . . .Ur be a collection of open subsets of such that the Ui cover P^ 
and such that ^+/n^ becomes a free A^Zp Opi-module when restricted to each 
Ui. Let : F*£+ ^ £+ be a lift of F*£+ f + over each Ui. The elements 
(pi — on the intersections Ui H Uj give rise to an clement of H^(F^, N), where 
N = Horn A ^„ c>^^(F*£'+,n£^+/n2£^+). Wc claim that H'^{¥'^,N) = 0. Indeed, 

choosing a set of generators rii,. . . ,ns G A for the ideal n, we can define a 
surjection of A Cpi -modules 

(^£+y (ei,---,e3)i-^eini-| l-CsUs ^ /n^£~^ 

Since F*£'^ is a locally free A(g)Zp P^-module, the above surjection yields a sur- 
jection — > N. Taking cohomology and recalling that of a coherent sheaf 
of Opi-modules vanishes, we see that H^{F^,N) is a quotient of i^i(P^M)^ 
which vanishes by assumption. The vanishing of H^(P^,N) implies that we 
can modify the (f)i so that they agree on overlaps. This gives the required lift, 
since over each of the Ui the 0j are automatically isomorphisms by Nakayama's 
lemma, as this is true modulo n. 

Let M2 = Hom ^^g^ ^, ^{F*£+ /n"^ , £+ /n^). We also have H\F\M2) = 0, 

as we take the long exact cohomology sequence attached to the short exact 
sequence ^ AT ^ M2 ^ M ^ 0, and recall that H^{F^,M) = H^{F'^,N) 
= 0. 

Thus we can replace A by A/n^ and £~^ by £~^ /n^. Repeating the above 
arguments and taking an inverse limit we obtain a lifting F*£~^ £^ of 
F*£^ £^ which is an isomorphism when restricted to X. Now this restric- 
tion £ = £'^\x gives rise to a lisse etale sheaf £. of finite free A-modules on X 
which induces the required representation p. To see that the L-function of p has 
the required property, first note we may replace X by a nonempty open subset, 
and C by its restriction to this open subset, as this changes the L-function only 
by a rational function. Thus we may assume that X C Gm, and that £ is free 
over A(8)Zp (then £ is free over A0Zp C-^, as one can lift a basis for £".) Now 
we arc in exactly the situation of (4.8) (note that Grothendieck's algebraization 
theorem guarantees that the matrix entries describing the morphism F*£ ^ £ 
are rational functions, since by construction this extends to a morphism of co- 
herent sheaves F*£+ — £'^) and the argument of Section 4 shows that L{X, C) 
is a rational function over A. Indeed in the calculation of this L-function in 
Section 4 the only possible nonrational contribution comes from Corollary 4.14, 



354 



MATTHEW EMERTON AND MARK KISIN 



where (in the notation of the proof of that corollary) one encounters the prod- 
uct na:ez(a) det^^^^i^Jl- ((n,-(x))oa)<^Wr<-),A0z,T^r)-'- In the general 

context of that corollary, this product could be infinite. However, in the cur- 
rent situation Z{a) is finite (being a proper closed subset of a curve), and so 
this is a finite product, and hence is indeed a rational function! □ 
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